We investigate the field-induced crossover between two types of isolated skyrmions that exist within the conical phase of cubic helimagnets and orient themselves either along or perpendicular to the field. Such a crossover takes place for the same value of the field, at which the closely packed skyrmion lattice was predicted to stabilize in the A-phase region. The clusters and a skyrmion lattice comprised by the skyrmions perpendicular to the field, however, are unfavorable and lose their stability as compared with the skyrmions parallel to the field. We also followed transformation of perpendicular skyrmions into pairs of merons that rupture the helical state. An attractive interactions between different types of isolated skyrmions make it feasible to construct complex cluster states with the cubic arrangement of skyrmions.
1. Introduction. Magnetic chiral skyrmions are particle-like topological solitons with complex noncoplanar spin structure 1-4 stabilized in noncentrosymmetric magnetic materials by specific DzyaloshinskiiMoriya interactions (DMI) 5 . DMI provides a unique stabilization mechanism, protecting localized states from radial instability 1,2 and overcoming the constraints of the Hobart-Derrick theorem 6 . That is why noncentrosymmetric magnets and other chiral condensed matter systems (in particular, chiral liquid crystals 7 ) are of special interest in fundamental physics and mathematics as a particular class of materials where skyrmions can exist 8, 9 . The current interest of skyrmionics is focused on axisymmetric skyrmions within the saturated ferromagnetic states of non-centrosymmetric magnets 2 . Axes of such skyrmions are co-aligned with an applied magnetic field, i.e. the magnetization in the center is opposite to the field and gradually rotates to the field-saturated state at the outskirt, as visualized in Figs. 1 (a), (b) . Recently, skyrmion lattice states (SkL-1) and isolated skyrmions (IS-1) of such a type were discovered in bulk crystals of chiral magnets near the magnetic ordering temperatures [10] [11] [12] and in nanostructures with confined geometries over larger temperature regions [13] [14] [15] [16] . The internal structure of such axisymmetric skyrmions, generally characterized by repulsive skyrmion-skyrmion interaction, has been thoroughly investigated theoretically 1, 2 and experimentally by spin-polarized scanning tunneling microscopy in PdFe bilayers with induced DzyaloshinskiiMoriya interactions and strong easy-axis anisotropy 4, 17 . In Ref. 18 it was shown, that the saturated state may accommodate another type of isolated skyrmions with their axes perpendicular to field (IS-2). Such skyrmions are forced to develop non-axisymmetric shape in order to match the spin pattern of the homogeneous state and to preserve their topological charge Q = 1 (Figs. 1 (a) , (c)). Starting from the left side of the depicted skyrmion (color online) (a) The spin texture of two types of isolated skyrmions oriented either along the field (IS-1) or perpendicular to it (IS-2). While IS-1 exhibits an axisymmetric shape (b), IS-2 acquires a non-axisymmetric shape with the circular core section centered around the point A and the anti-skyrmion-like crescent centered around the point B.
in the plane xz (Figs. 1 (c) ), the magnetization makes the full turn from 0 to 2π: it passes through points A and B with the horizontal orientation of the magnetization, θ = π/2 and 3π/2, which can be regarded as centers of a circular skyrmion core and an anti-skyrmion crescent, respectively. Unlike the repulsive axisymmetric skyrmions IS-1, such non-axisymmetric skyrmions IS-2 exhibit anisotropic inter-skyrmion potential 18 . Depending on the relative orientation of the two individual skyrmions, this potential can be attractive, leading to the formation of biskyrmion or multiskyrmion chains, aligned along the axis connecting points A and B, as well as repulsive in the perpendicular direction (i.e. along z) 18 . The internal spin pattern of isolated skyrmions IS-1 can also violate the rotational symmetry once placed into the conical phase of bulk cubic helimagnets 19 . Then, the magnetization distribution in a cross-section xy of IS-1 resembles the structure of skyrmions IS-2. The central arXiv:1806.01972v1 [cond-mat.mes-hall] 6 Jun 2018 core region nearly preserves the axial symmetry (Fig. 2  (a) -(c) ), whereas the domain-wall region, connecting the core with the embedding conical state is asymmetric 19 and acquires a crescent-like shape. This asymmetric profile of the cross-section forms a screw-like modulation along z axis, matching the rotating magnetization of the conical phase. These asymmetric skyrmions were shown to exhibit an isotropic attractive skyrmionskyrmion interaction 19 . They are also believed to underlie precursor phenomena (e.g., the A-phase) near the ordering temperatures in chiral B20 magnets (MnSi 10 , FeGe 11 ) 19 and to have prospects in spintronics as an alternative to the common axisymmetric skyrmions 20 . In the present paper, we consider a field-driven transformation of isolated skyrmions IS-2 when the surrounding saturated state turns into the conical state with the lowering magnetic field. We show that an isolated skyrmion IS-2 transforms into a pair of merons with equally distributed topological charge Q = 1/2, whereas a couple of attracting skyrmions IS-2 -into one axisymmetric skyrmion and a pair of merons, since such a configuration is energetically more favorable than two separated pairs of merons and stems from an attractive interskyrmion interaction as was pointed out in Refs. 18 and 21. We derive regular solutions for IS-2 and prove that for some threshold-field they become a lower metastable solution as compared with IS-1. At the same time, the energy gain by clustering for IS-2 is lower than the gain by the same clustering of IS-1. As a result, a skyrmion lattice SkL-2 is highly metastable and loses its stability in an applied magnetic field.
2. Model. The standard model for magnetic states in bulk cubic non-centrosymmetric ferromagnets is based on the energy density functional
including the principal interactions essential to stabilize modulated states: the exchange stiffness with constant A, Dzyaloshinskii-Moriya coupling energy with constant D, and the Zeeman energy; m = (sin θ cos ψ; sin θ sin ψ; cos θ) is the unity vector along the magnetization vector M = mM , and H is the magnetic field applied exclusively along z− axis. The solutions for particle-like skyrmions of both introduced types IS-1 and IS-2 ( 
Above the critical field H = 0.5H D , the cone phase transforms into the saturated state with θ = 0. L D = A/|D| is the characteristic length unit of the modulated states. 3. The internal structure of IS-1 and IS-2. Evolution of two types of ISs with the decreasing magnetic field H < H D is shown in Fig. 2: (a) IS-1, perfectly fitting into the magnetically saturated background for higher magnetic fields (Fig. 2  (a) , h = 0.6), gradually develops a non-axisymmetric shape with the onset of the conical phase (Fig. 2 (b) , (c), h = 0.3, 0). Unlike the axisymmetric skyrmions with the essentially two-dimensional structure and their axes perfectly aligned along the field (Fig. 2 (a) ), the non-axisymmetric skyrmions (Fig. 2 (b) , (c)) become truly three-dimensional and are inhomogeneous along z−axis in a sense that the skyrmion axes now circumscribe a screw-like trajectory and the magnetization pattern in the basal xy plane follows the magnetization in the conical phase at each cross-section (see Supplementary Material in Ref. 23 ). Since these non-axisymmetric skyrmions are incompatible with the conical phase, they are surrounded by a circle-like shell -a transitional region with the positive energy that underlies an attractive inter-skyrmion potential and leads to the skyrmion cluster formation (see Refs. 19, 20 , and 23 for extensive details on the structure of these IS-1 and their experimental observation in thin layers of a cubic helimagnet Cu 2 OSeO 3 ). The properties of repulsive axisymmetric skyrmions within the saturated state (Fig.  2 (a) ) were theoretically investigated in Refs. 1 and 2 and experimentally examined in nanolayers of chiral ferromagnets 2,17 .
(b) At higher magnetic fields (Fig. 2 (d) , h = 0.6), IS-2 has a non-axisymmetric structure in the plane xz that is homogeneously replicated along y-direction. The asymmetric magnetic structure of these skyrmions is associated with an intricate pattern of internal characteristics like the energy density (Fig. 2 (g) ) or the topological charge distribution (Fig. 2 (j) ) 18, 24 . Consequently due to the positive and negative asymptotics of the magnetization with respect to the surrounding state, such skyrmions develop an attractive interaction in the basal xy plane and a repulsive interaction along z-axis 18 . The stability of these asymmetric skyrmions was theoretically investigated in Ref. 18 with the clear directions for their experimental studies in a polar easy-plane magnet GaV 4 Se 8 25 . Note however, the structure of skyrmions stabilized by the easy-plane anisotropy (even for zero magnetic field) 18 exhibits smooth rotation of the magnetization as compared with IS-2 that are strongly localized by the unidirectional magnetic field (with zero anisotropy): in spite of the seeming similarity between the magnetization patterns, these skyrmions bear different patterns of the topological charge or energy density distribution (see Ref. 18 
for details).
With the onset of the conical phase, IS-2 undergoes an elliptical instability (Fig. 2 (e) , (h), (k), h = 0.3). Still, the characteristic distributions of the topological charge and energy densities remain localized what makes IS-2 countable particles (Fig. 2 (h), (k) ). For h = 0, the transformation of an IS-2 into a pair of merons (representing a rupture of a spiral state) with the topological charge Q = 1/2 each is complete (Fig. 2 (f), (i), (l) ). The properties of such skyrmions and merons within the helical background were recently investigated in Refs. 21 and 26. It was argued that they behave as if they were free particles, and the helical background provides natural one-dimensional channels along which skyrmions and merons can move rapidly 21 .
4. Field-driven crossover between IS-1 and IS-2. Since IS-1 perfectly blends into the homogeneous state saturated along the field (Fig. 2 (a) , h = 0.6) whereas IS-2 -into the helicoid (Fig. 2 (f) , h = 0), a crossover between two states takes place for an intermediate value of the field, h ≈ 0.2 (red and blue solid lines with an intersection point A in Fig. 4 (a) ). We dubbed this crossover a toggle-switch-like transition since it is associated with the flip of a skyrmion axis by 90
• -from the orientation along z−axis to the in-plane xy orientation. Due to the transient region (shell) formed by each type of a skyrmion with respect to the conical phase, one should expect an attractive interaction also between IS-1 and IS-2 (a skyrmion-skyrmion potential will be computed elsewhere). The clusters consisting from the mutually perpendicular skyrmions will then exhibit an entangled pattern since IS-2 do not have any preferable in-plane orientation within an isotropic model (1). On the contrary, an additional cubic anisotropy may align IS-2 along easy directions, e.g., < 100 >, thus a phase reminiscent a uniaxial model for the Blue Phase II in chiral liquid crystals with symmetry O 2 may occur (see Fig.  B .VIII.12 in Ref. 7) .
The IS-1-IS-2 crossover field is shifted towards the lower fields when pairs of corresponding skyrmions are considered (red and blue solid lines with an intersection point B in Fig. 4 (b) ). The reason lies in the following: the energy profit due to the clustering is much higher for IS-1. Dashed red and blue lines in Fig. 4 (b) show energies of skyrmion pairs at an infinite distance from each other; by the gap with the solid lines of the corresponding color one could estimate the energy gain.
The SkL-2 as an ultimate outcome of clustering has higher energy as compared with SkL-1 and easily loses its stability in an applied magnetic field (black lines in Fig. 4 (c) ).
The IS-1-IS-2 crossover field (point A in Fig. 4 (a) ) within a numerical error equals the field at which the difference between the energy densities of the hexagonal SkL-1 and the cone phase reaches its minimum (point C in Fig. 4 (c) ). Thus in Ref. 27 , it was suggested that the SkL-1 could be stabilized with respect to the cones by additional anisotropic energy contributions (e.g., by the uniaxial anisotropy of the easy-axis type 28 ) exactly around this field value. With our new insight, we may add that although the hexagonal SkL-2 has much higher energy as compared with SkL-1, separate IS-1-IS-1, IS-2-IS-2, and IS-1-IS-2 clusters glued together owing to the mutual attracting interaction may create a frozen metastable state which may become paramount within A-phases of bulk cubic helimagnets near the ordering temperature (e.g., in B20 magnets MnSi 10 and FeGe 11 ).
5. IS-2-IS-2 interaction. According to Fig. 4 (b) for H/H D = 0.5 (blue solid and dotted lines), the energy of two remote skyrmions (Fig. 2 (e) ) is higher than the energy of a skyrmion cluster with two skyrmions in the plane xy (Fig. 3 (b) ). Hence, we talk about an attractive inter-skyrmion potential and formed skyrmion chains. Such a result complies with Ref. 18 . With the decreasing magnetic field, H < 0.5H D , however, we do not talk about skyrmion-skyrmion interaction, since the skyrmions and merons become positionally confined within one spiral period and one considers different configurational arrangements of skyrmions and merons (Fig.  2 or Fig. 3) .
According to the results of Ref. 21 , the configuration with two merons nearing a skyrmion (Fig. 3 (c) ) is energetically more favourable than two distant merons (Fig.  2 (f) ). In that geometry 21 the field is applied along ydirection, and the energy of a meron pair becomes negative with respect to the helical background above the critical field h y ≈ 0.16: it gives start to the helicoidSkL first-order phase transition. In the present geometry with h||z, we find additional intersection points between blue dotted and solid lines that occur at H < H D : they indicate the crossover between these two configurational states. Moreover, IS-2 bears a positive energy density (Fig. 4 (a) ) in the whole field range and thus represents a metastable state within the conical background.
Such a study, however, requires an extensive investigation (will be done elsewhere) since contradicting results are reported so far in the literature. In particular in Ref. 24 , it was shown that the skewed skyrmions IS-2 have anisotropic inter-skyrmion interaction, i.e. the interaction energy between two skyrmions depends on their relative orientation. Nevertheless, the skyrmion-skyrmion interaction remains repulsive with the strongest repulsion between skyrmions in the direction where they are elongated 24 . In Ref. 29 however, the IS-2-IS-2 interaction was reported to be oscillating along the perpendicular z-direction with alternating minima and maxima, whereas it is strongly repulsive in the xy plane. In Ref.
18, the interaction was claimed to be attracting in the plane xy and repulsive along the z-direction.
6. Conclusions.
In conclusion, we found a type of isolated skyrmions that emerge in cubic helimagnets and orient their axes perpendicular to the field -IS-2. These skyrmionic states are characterized by an asymmetric shape that also stipulates their attracting interaction within the field-saturated state. With the onset of the conical phase with its q-vector along the field, IS-2 gradually transform into pairs of merons. The close packing of merons is energetically preferable almost in the whole field interval. We also discovered a crossover between IS-2 and IS-1 that would occur just in the middle of the A-phase region. In order to fully explore the characteristics and functionalities of IS-2, their internal structure should be studied experimentally, as was done for the axisymmetric individual skyrmions within polarized FM states 2 : in the same geometry as in Ref. 2, one should apply the field in the film plane.
